Abstract: Large deformation of a horizontally uniform cantilevered Euler-Bernoulli beamshell subjected to its own weight is studied. The governing equation for the first time is analytically solved using the analytical technique for nonlinear problems Homotopy Analysis Method (HAM). A series solution is presented that can be used for the analysis of beamshells undergoing large deformations with wide range of weight, material/cross section properties and lengths. The results obtained by HAM are compared with the results reported in the previous works, and good agreement is found. Finally, the load-displacement characteristics of a uniform cantilever beamshell under different load conditions, dimensionless weight parameter are presented. 
Introduction
Due to the reduction of weight, material and cost of structures, beamshells and thin-walled beams are extensively used in aero space, automotive and aircraft industries. Such flexible structures can undergo large displacement and rotations without exceeding their elastic limits. To understand the behavior of these flexible structures and to evaluate their elastic limits many different formulations and numerical procedures have been proposed for displacement and rotation analysis of beamshells [1] .
Hummel and Morton [2] , solved this problem in terms of a power series, which subsequently was numerically solved * E-mail: akf@me.aau.dk by Bickley [3] ; with some corrections, Rohde [4] improved the accuracy. Wang [5] noted that the first integral of governing equation of the problem was incorrect because it was valid only if¯ (position) is a linear function of (independent dimensionless parameter). A related problemthat of the "stiff" catenary -is to determine the shape of a beamshell under its own weight if its two ends are built into piers less than a distance L apart, which are not necessarily at the same height. An approximate solution in which the effect of bending stiffness is treated as a small, singular perturbation of the classic catenary problem may be found in van der Heijden [6] , and Simmonds and Mann [7] . Other similar works have been done on the analysis of problems involving large deflections and rotations. Holden [8] proposed a numerical approach to the problem of finite deflections of a linear elastic cantilever beam with uniformly distributed load using a fourth order Runge-Kutta. Wang [9] [10] [11] presented a number of problems involving large deflections of linear elastic beams under various external loads as well as own-weight by adopting a perturbation method and numerical integration. Many solid mechanics problems such as beamshells are inherently nonlinear. Except for a limited number of these problems, most of them do not have analytical solution. Therefore, these nonlinear equations should be solved using other methods. Some of them are solved numerically and some are solved using analytical methods, extended from perturbation technique [8] . In numerical methods, stability and convergence should be considered to ensure realistic results. In the analytical perturbation method, a small parameter should be exerted in the equation; the determination and exertion of this small parameter into the equation are deficiencies of this method. One of the semi-exact methods which does not need small/large parameters is the Homotopy Analysis Method (HAM), first proposed by Liao [12, 13] . This method has already been successfully applied to many problems in solid mechanics such as large deformation of beams, nonlinear vibration and oscillations and also nonlinear dynamics [14] [15] [16] [17] [18] [19] [20] . In this method, the convergent region can be adjusted and controlled, which is the most important feature of this technique in contrast to other techniques such as homotopy perturbation method, volitional iteration method and energy balanced method. In the present work, HAM has been applied to obtain analytical solutions for the boundary value problems constituted by the nonlinear ordinary differential equation governing of a cantilever beamshell under large deflection, together with the associated boundary conditions. To show the accuracy of the proposed methodology, the results obtained from HAM for different cases are compared with results obtained in previous studies. In addition to establishing the robustness of the solution, the convergence region for different values of load and materials/cross section properties is presented. Finally, the influence of a dimensionless weight parameter on the slope and tip-deformed configuration are discussed.
Governing Equation
From the equation of motion it is obtained that [1] :
Where P and F can be represented in the alternative forms as below:
From Eqs. 1 and 2:
It is clear that, when the beam-shell is under small deformation, for simplification it can be assumed that sin β = β and cos β = 1. The advantage of this form the equilibrium equation is obvious from the integration of Eq. 3:
And the reduction of Eq. 4 to:
Since for the present problem H = 0 and V = − (L−σ ), Eq. 4 is further reduced to:
Here the introduction of a dimensionless distance and weight parameter is made according to:
By substituting Eq. 8 into Eq. 7, and adjoining the boundary conditions where the angle of rotation is zero at the fixed end, and the moment is zero at the free end, a twopoint boundary value problem is obtained as the governing equation (see Fig. 1 ): 
The tip position of the deformed beamshell is found from:
Application of the Homotopy Analysis Method
Consider the governing equation of a beamshell expressed by Eq. 9. The nonlinear operator is defined as follows:
The expansion of cos β( ; ) in Taylor series is:
Substituting Eq. 12 into Eq. 11, gives:
Where ∈ [0 1] is the embedding parameter, and = 0 is a nonzero auxiliary parameter. As the embedding parameter increases from 0 to 1, U( ; ) varies from the initial guess U ( ) to the exact solution U( ):
U( ; ) can be expanded in Taylor series with respect to :
Where
Homotopy analysis method can be expressed by many different base functions [13] , according to the governing equation; it is straightforward to use a set of base functions:
In the form:
Such that is a coefficient to be determined. Besides determining a set of base functions, the auxiliary function H( ), initial approximationand U 0 ( ) the auxiliary linear operatormust ₤ be chosen in such a way that all solutions of the corresponding high-order deformation equations exist and can be expressed by this set of base functions, and the other expressions such as sin( ) must be avoided. This conforms to the so-called rule of solution expression [13] . Here a linear operator is chosen, as below:
With the property
Where 1 2 are integral constants. Under the rule of solution expression, the initial condition can be chosen as:
The zero th order deformation equation is:
According to the rule of solution expression denoted by Eq. 18 and from Eq. 22, the auxiliary function can be chosen as follows:
Differentiating Eq. 22 times with respect to the embedding parameter , then setting = 0 and finally dividing them by !, from Eq.13 and 18 we have the so-called -order deformation equation for ≥ 1:
Where:
H( ) can be chosen uniquely under the rule of solution expression and rule of coefficient ergodicity. It can be shown that when ( = 2 | = 1 2 3 )), the terms 5 up to 2 +1 always disappear in the solution expression of U ( ), so that the coefficients of the terms 5 up to 2 +1 are always zero and can not be modified even if the order of approximation tends to infinity. This disobeys the so-called rule of coefficient ergodicity, which was expressed by Liao [13] . If ( = 2 + 1| = 1 2 3 )) then bases like 2 +1 will disappear, which disobeys the rule of solution expression and the rule of coefficient ergodicity. On the other hand when = −1 −2 −3, the terms ln ln will appear. Consequently the corresponding auxiliary function was determined uniquely as H( ) = 1, where = 1. It is successively obtained: Solution was developed up to 20th order of approximation of U( ) (see Fig.2 and Fig.3 and Table (1) and (2)).
Convergence of HAM solution
It should be pointed out that the auxiliary parameter , as pointed out by Liao [9] , controls the convergence and accuracy of the solution series. In order to define a region such that the solution series is independent of , a multiple of -curves are plotted as shown in Figs. 2 and 3 . The region where the distribution ofβ(0) andβ(1) versus is a horizontal line is known as the convergence region for the corresponding function.
It is easy to discover the valid region of , for example from Fig. 3 it is clear that acceptable region of is -0.6≤ ≤ −0 3, and from Fig. 3 the range for the acceptable values of is −0 5 ≤ ≤ −0 15. Moreover, increasing the order of approximation, the range for the acceptable values of increases (see Fig. 2 ).
Result and discussion
In Tables 1 and 2 a comparison between the numerical solution obtained by the present authors with HAM solution and those by Liabai and Simmonds [1] has been made for several dimensionless weight parameters, µ, for the topcoordinate of the deformed cantilevered beamshell. Tip vertical and horizontal deflection ( (L) (L)) and slope are presented. It is clear that by increasing the weight dimensionless parameter, tip-deflection and slope increase.
It has been explained that can be adjusted to get most accurate solution. Based on the h-curves ( Fig. 2 and Fig. 3 ) it can be easily seen that, the common region for is −0 5 ≤ ≤ −0 3 to have the same -value for all the solution. On the other hand, the interval of can be increased by increasing the number of iterations in series solution. From the -curves the appropriate value of is chosen; for example, from It should be noted that when the weight of beam increases (i.e. weight dimensionless parameter µtakes larger values approaching ∞), the angle of beam tip approaches to π/2. It should also be mentioned that in this paper the approx- (1) by (1) by (1) beamshell for different load cases are presented in Fig. 4 and Fig. 5 respectively, and the influence of dimensionless weight parameter is shown.
Conclusions
In this paper HAM was used to analyze a uniform cantilevered beamshell and an analytical solution was obtained for the first time. Compared to experimental and numerical results, a major advantage of analytical solutions is that they can cover a wide range of involved parameters, and it could be modified to a simple form that is useful for a particular purpose. An excellent rate of convergence and accurate results were demonstrated with a few iterations, and the results were in good agreement with the solution of previous studies. It can be concluded that the presented method is a suitable and efficient technique for the analysis of nonlinear and large deflection beamshell problems, and that it can be used for wide range of loads and lengths for beamshells with variable properties. 
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